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Abstract
We classify the supersymmetric mass deformations of all the super Yang-Mills quantum me-
chanics, which are obtained by dimensional reductions of minimal super Yang-Mills in space-
time dimensions: ten, six, four, three and two. The resulting actions can be viewed as the
matrix descriptions of supermembranes in nontrivial backgrounds of one higher dimensional
supergravity theories. We also discuss the utmost generalization of the light-cone formulation
of the Nambu-Goto action for a p-brane, including time dependent backgrounds.
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1 Introduction and summary
Supersymmetry and gauge symmetry are two principal symmetries in the Lagrangian description
of a p-brane in superstring or M-theory. Demanding both, the Lagrangian becomes considerably
constrained. For instance, when the Lagrangian contains only the gauge multiplet, the action is
uniquely given by the minimal super Yang-Mills theory. As is well known, the minimal super
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Yang-Mills theories exist not in arbitrary spacetime dimensions. They do so only in ten, six,
four, three and two dimensions, which coincide with the dimensions where the superstrings can
be defined. The constraints are due to the requirement of the relevant Fierz identity in order to
implement the non-Abelian gauge symmetry.
Dimensional reductions of the minimal super Yang-Mills field theories lead to one-dimensional
gauge theories, i.e. super Yang-Mills quantum mechanics (SYMQM). In contrast to the rigidity of
the formers, the latters allow mass deformations, without reducing the number of supersymme-
tries, as discovered for the N = 16 [1], N = 8 [2] and N = 1 + 1 [3] cases, whose field theory origin
can be traced in ten, six and two dimensions, respectively. Throughout the paper, N denotes the
number of real dynamical supersymmetries in super Yang-Mills quantum mechanics. Especially,
the dimensional reduction of the minimal super Yang-Mills in two-dimensions doubles the number
of dynamical supersymmetries [3], whence our notation ‘N = 1 + 1’.
In the present paper, we classify, in a systematic way, the mass deformations of all the super
Yang-Mills quantum mechanics with N = 16, 8, 4, 2, 1+1 supersymmetries. Undeformed SYMQM
are given by the dimensional reductions of the minimal super Yang-Mills field theories. Utilizing
the properties of the spinors and gamma matrices in each case, we first consider adding generic
mass terms for fermions and then perform the supersymmetric completion. Our final results are
summarized in Table 1, where ‘DYM’ denotes the spacetime dimension of the corresponding mini-
mal super Yang-Mills field theory, and µ, µ1, µ2 are constant deformation parameters, while Λ(t),
ρ(t) are arbitrary time dependent functions.
massive SYM
quantum mechanics
DYM
splitting of
SO(DYM − 1) superalgebra
deformation
parameter
N = 16 10 SO(6)× SO(3) su(2|4) µ
N = 8 type I 6 SO(3)× SO(2) su(2|2) µ
N = 8 type II 6 SO(4) su(2|1) ⊕ su(2|1) µ
N = 4 type I 4 SO(3) su(2|1) µ1, µ2
N = 4 type II 4 SO(2) Clifford4(R) µ
N = 2 3 SO(2) Clifford2(R) µ
N = 1 + 1 2 SO(1, 2) osp(1|2,R) Λ(t), ρ(t)
Table 1: Classification of massive super Yang-Mills quantum mechanics
For N = 16 and N = 2 cases the deformations are unique, given by a single mass parameter.
Both for N = 8 and N = 4 cases, the deformations are two folds: type I and type II where only
the former contains a Myers term [4]. In particular, the number of deformation parameters in
N = 4 type I case is two, while in other cases it is one. For N = 1 + 1 case, the deformation
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parameters are given by two arbitrary time dependent functions, and accordingly there are infinite
number of deformation parameters [3].
Here we focus on the deformations which do not break any supersymmetry of the super Yang-
Mills quantum mechanics. We refer to [5] for the analysis on more generic deformations of the
N = 16 SYMQM which break supersymmetries partially.
Given the diversity of the massive SYMQM we obtain, it is natural to ask the physical ori-
gin of them. So far, apart from our classification scheme, three different ways of predicting or
constructing massive super Yang-Mills quantum mechanics are known: (i) the light-cone descrip-
tion of the superparticle or supermembrane, (ii) consistent truncations of the BMN matrix model
caused by M5 branes, and (iii) the compactification of four-dimensional super Yang-Mills on S3.
In the following we briefly discuss how our results may fit into such physical insights.
As is well known, the light-cone formulation [6–9] of the superparticle or supermembrane in the
eleven-dimensional flat background gives the undeformed N = 16 SYMQM, which is conjectured
to describe the eleven-dimensional M-theory in the flat background [10–13]. In 2002, Beren-
stein, Maldacena and Nastase (BMN) derived a mass deformation of the N = 16 SYMQM [1].
Their derivation was based on the light-cone formulation of the superparticle in the maximally
supersymmetric eleven-dimensional pp-wave background [14–17]. An alternative derivation is also
available from the supermembrane aspect [18]. The uniqueness of the mass deformation of the
N = 16 SYMQM we show in the present paper is consistent with the fact that the maximally su-
persymmetric backgrounds of the eleven-dimensional supergravity are exhausted by the pp-wave
and AdS4 × S7, AdS7 × S4 [14].
Clearly one can expect the same phenomena occur in lower dimensional supergravity theo-
ries: seven, five, four and three. Namely, any supersymmetric pp-wave background therein should
give rise to a novel massive SYMQM. Indeed, the known maximally supersymmetric plane wave
solutions in five- and four-dimensional supergravity theories (see e.g. [19, 20]) correspond to our
N = 4 type II and N = 2 massive SYMQM, respectively. In this spirit, our N = 8, N = 4,
N = 2, N = 1 + 1 massive super Yang-Mills quantum mechanics can be identified as M-theory
matrix models in curved backgrounds of the noncritical dimensions: seven, five, four and three,
respectively.1
Supersymmetric embedding of the M2 and M5 branes into the eleven-dimensional pp-wave
background has been analyzed in [26]. It turns out that there are two types of half BPS M5-branes,
such that one preserves SO(3)× SO(2) isometry of the transverse five-dimensional geometry and
the other preserves SO(4), whilst the background pp-wave has the isometry SO(3)× SO(6). This
1For the discussion of noncritical M-theories see [21–25].
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analysis consistently matches with our results: N = 8 massive SYMQM type I and type II, respec-
tively. Namely, truncating any longitudinal degrees of freedom (which should be described by a
self-dual two-form tensor), our two types of N = 8 massive super Yang-Mills quantum mechanics
describe the transverse degrees of freedom of the M5-branes, treating them as ‘point-like’ particles
(see [2, 27,28] for further discussion).
Another way of obtaining massive SYMQM was proposed in [29], to compactify the maximally
supersymmetric four-dimensional super Yang-Mills on S3 utilizing the superconformal invariance
of the four-dimensional gauge theory [30]. The harmonic analysis of the dimensional reduction on
S3 produces a quantum mechanical system with an infinite tower of massive modes, which can be
arranged as irreducible representations of the SO(4) ≡ SU(2) × SU(2) isometry of S3. When one
keeps ‘half’ of the lowest lying modes, the resulting quantum mechanical system is precisely the
BMN matrix model [29]. The analysis was carefully revisited and generalized recently in [31]. It is
obvious that one can apply this procedure to any other super Yang-Mills theory in four-dimensions
with less supersymmetries and obtain a corresponding SYMQM. From the super Yang-Mills with
eight supercharges one can reproduce our N = 8 type I SYMQM, while from the super Yang-Mills
with four supercharges, i.e. pure super QCD, one can partially derive our N = 4 type I SYMQM
with the restriction µ1 = 0. It is worth while to note that not all of the massive SYMQM in our
classification can be identified in the manners discussed above.
The organization of the present paper is as follows:
In section 2, as a motivation to analyze the supersymmetric deformation of each super Yang-Mills
quantum mechanics, we review the light-cone formulation of the Nambu-Goto action for a generic
p-brane. In particular, we discuss the most general backgrounds which admit the light-cone for-
mulation. The light-cone formulation converts, without any approximation, the relativistic square
root action to a non-relativistic one where the kinetic term is simply velocity squared. Especially
for a membrane, the resulting action resembles the Yang-Mills action.
In each of the following sections 3, 4, 5, 6, 7, we discuss the N = 16, 8, 4, 2, 1 + 1 massive
super Yang-Mills quantum mechanics separately. We first briefly set up our conventions for the
gamma matrices as well as the spinors, such as su(2) Majorana-Weyl spinor in the N = 8 case.
We then present explicitly the massive super Yang-Mills quantum mechanical systems with the
supersymmetry transformations of all the variables. We further identify the corresponding super
Lie algebras and write down the maximally supersymmetric bosonic configurations.
Section 8 contains some comments. The appendix carries out our derivations of the most
general mass deformations of all the super Yang-Mills quantum mechanics.
4
2 Light-cone formulation of a p-brane action revisited
In this section, we review, with the utmost generalization, the light-cone formulation of a p-brane
action. We first consider a relativistic point particle, and then generalize the analysis to a generic
p-brane, in view of applying to the p = 2 i.e. membrane case. We take Nambu-Goto action
coupled to a p+ 1 form field as a relativistic description of a p-brane. With an embedding of a
(p+ 1)-dimensional worldvolume into a D-dimensional target spacetime
x(ξ) : ξµ (0 ≤ µ ≤ p) −→ xM (0 ≤M ≤ D − 1) , (2.1)
the action for a p-brane reads
Sp−brane =
∫
dp+1ξ Lp−brane , Lp−brane = LN.G. + LCp+1 , (2.2)
where the Lagrangian consists of two parts:
LN.G. = −T
√− detGµν , LCp+1 = − 1(p+ 1)! ǫµ1µ2···µp+1 Cµ1µ2···µp+1 . (2.3)
Here T is the p-brane tension of mass dimension p+ 1, while Gµν and Cµ1µ2···µp+1 are respectively
the induced metric and p+ 1 form gauge field on the worldvolume
Gµν(ξ) = ∂µxM∂νxNGMN (x) ,
Cµ1µ2···µp+1(ξ) = ∂µ1xM1∂µ2xM2 · · · ∂µp+1xMp+1CM1M2···Mp+1(x) .
(2.4)
The Nambu-Goto Lagrangian LN.G. measures the volume of the p-brane in the target spacetime,
and may be replaced by a Polyakov action :
LPoly. = −12T
√−h
[
h−1µν∂µx
L∂νx
MGLM (x) + 1− p
]
. (2.5)
Integrating out the auxiliary worldvolume metric hµν , using its equation of motion
hµν = ∂µx
L∂νx
MGLM (x) : for p 6= 1 ,
hµν ∝ ∂µxL∂νxMGLM (x) : for p = 1 ,
(2.6)
one recovers LN.G.. Henceforth we focus on the Nambu-Goto Lagrangian.
We show in the following subsections that, for a certain class of backgrounds, any sector of
a fixed ‘light-cone momentum’ can be exactly described by a ‘non-relativistic’ action where the
kinetic term is simply velocity squared. An exact galilean invariance of the light-cone formalism
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in a flat background has been known for the point particle by Susskind since 1967 [6, 7], and for
the supermembrane by de Wit, Hoppe and Nicolai in 1988 [8] (for generic p-branes see [9]; also
for a non-light-cone formalism see [32]). A new ingredient in the present review is an utmost
generalization to nontrivial time-dependent backgrounds.
With the light-cone coordinates
x± =
1√
2
(±x0 + xD−1) , (2.7)
we focus on a D-dimensional target spacetime background given by a metric GLM and a p+ 2
form field strength F(p+2) = dC(p+1). We require an isometry along the light-cone direction x
−,
∂GLM
∂x−
= 0 ,
∂F(p+2)
∂x−
= 0 , (2.8)
and further set certain components of GLM , F(p+2) to vanish,
G−− = 0 , G−a = 0 , F−M1M2···Mp+1 = 0 , Fa1a2···ap+2 = 0 . (2.9)
Here we denote the target spacetime coordinates by xM = (x+, x−, ya) where a, b indices are for
a d-dimensional Euclidean subspace, running from 1 to d = D − 2. In summary, they are of the
form :
ds2 = A(y, x+)
[
2dx+dx− − 2V (y, x+)dx+dx+ + 2Ja(y, x+)dx+dya + gab(y, x+)dyadyb
]
,
F(p+2) =
1
(p+ 1)!
F+a1a2···ap+1(y, x
+) dx+ ∧ dya1 ∧ · · · ∧ dyap+1 .
(2.10)
Especially, the only non-vanishing components of the field strength are F+a1a2···ap+1(y, x
+). This
implies, from dF = 0 and the Poincare´ lemma, that there exists a p-form field V(p)(y, x+) depend-
ing on y, x+ only such that
F+a1a2···ap+1(y, x
+) = ∂a1Va2···ap+1 + (−1)p∂a2Va3···ap+1a1 + · · · + (−1)p∂ap+1Va1···ap . (2.11)
These properties are crucial for the light-cone formulation we analyze below. All the known pp-
wave type solutions assume this form (quite often A = 1). It is worth to note that unlike the
metric GLM (y, x
+) and the field strength F (y, x+), the gauge field C(p+1)(x) may depend on the
light-cone coordinate x−.
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2.1 Point particle aspect
In this subsection, we focus on a point particle (p = 0) which propagates in the background (2.10).
After a gauge choice to identify the worldline with a target spacetime light-cone coordinate
τ = ξ0 ≡ x+ , (2.12)
the action (2.3) reads
Sparticle =
∫
dτ
(
LN.G. − C+(x)− x˙−C−(x)− y˙aCa(x)
)
,
LN.G. = −m
√
−A(y, τ)
(
2x˙− − 2V (y, τ) + 2Ja(y, τ)y˙a + gab(y, τ)y˙ay˙b
)
.
(2.13)
Here m is the mass of the particle, and dot denotes the derivative with respect to the worldline
coordinate τ , such that the canonical momenta are
p− =
mA√
−A (2x˙− − 2V + 2Jay˙a + gaby˙ay˙b)
− C− = − m
2A
LN.G. − C− ,
pa =
mA
(
gaby˙
b + Ja
)
√
−A (2x˙− − 2V + 2Jcy˙c + gcdy˙cy˙d)
−Ca = (p− +C−)
(
gaby˙
b + Ja
)
− Ca .
(2.14)
Inverting these, we express the velocities in terms of the phase space variables
y˙a =
g¯abPb
P− − J¯
a , x˙− = V + 12JaJ¯
a − g¯
abPaPb +m2A
2P2−
, (2.15)
where we define ‘modified momenta’ P−, Pa by
P−(p, x) := p− + C−(x−, y, τ) , Pa(p, x) := pa + Ca(x−, y, τ) , (2.16)
and set g¯ab to be the inverse of gcd such that
g¯abgbc = δ
a
c , J¯
a(y, τ) := g¯ab(y, τ)Jb(y, τ) , J
2(y, τ) := Ja(y τ)J¯
a(y, τ) . (2.17)
Note that P−, Pa reduce to the canonical momenta p−, pa in the absence of the one form field.
In terms of the former, the Hamiltonian reads
H =
g¯ab(y, τ)Pa(p, x)Pb(p, x) +m2A(y, τ)
2P−(p, x) + C+(x
−, y, τ)− Pa(p, x)J¯a(y, τ)
+P−(p, x)
(
V (y, τ) + 12J
2(y, τ)
)
.
(2.18)
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The time evolution of the modified momenta P−, Pa are then, from the Hamiltonian dynamics,
dP−
dτ
= F+− + Fa−
∂H
∂pa
,
dPa
dτ
= F+a + F−a
∂H
∂p−
+ Fba
∂H
∂pb
− ∂ˆ
∂ˆya
(H − C+) ,
(2.19)
where the derivative with a hat ∂ˆ denotes the partial derivative with respect to (P, x), rather than
(p, x). In fact, all the partial derivatives above can be replaced by ∂ˆ, since in the Hamiltonian
(2.18) the canonical momenta appear only through the modified momenta.
From our general assumption (2.10), we have F−M = Fab = 0, and there exists a function
V(y, τ) satisfying ∂aV = F+a (2.11). Thus, P− is a constant of motion
dP−
dτ
= 0 , (2.20)
and for any sector with a fixed constant of motion P−, the dynamics of the rest variables, ya,
1 ≤ a ≤ d, can be described by the following Hamiltonian
H−
(
Pa, yb, τ
)
=
g¯ab(y, τ)PaPb +m2A(y, τ)
2P− − PaJ¯
a(y, τ)
+P−V (y, τ) + 12P−J2(y, τ)− V(y, τ) ,
(2.21)
such that
dya
dτ
=
∂ˆH−
∂ˆPa
,
dPa
dτ
= − ∂ˆH
−
∂ˆya
. (2.22)
Again, ∂ˆ denotes the partial derivative with respect to (P, x), rather than (p, x). Clearly, this
Hamiltonian dynamics can be derived from the following ‘non-relativistic’ Lagrangian
L−(y, τ) = P−
[
1
2gab(y, τ)y˙
ay˙b + Ja(y, τ)y˙
a − V (y, τ)− 12mˆ2A(y, τ)
]
+ V(y, τ) , (2.23)
where we set mˆ := mP−1− , and P− should be taken as a c-number rather than a dynamical vari-
able. From (2.14), P− is always positive.
L− is a ‘non-relativistic’ Lagrangian in the sense that the kinetic term in (2.23) is velocity
squared. Nevertheless, the resulting dynamics matches perfectly with the relativistic particle mo-
tion of a fixed constant of motion P−.
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Now we consider the dynamics of the D0-brane gas. We restrict on the flat subspace, gab = δab.
In this case, the above non-relativistic Lagrangian for a single particle (2.23) has a natural2
generalization to the Yang-Mills quantum mechanics, i.e. to the matrix model with U(N) gauge
symmetry for the description of N D-particles,
L−
YM
= P−tr
[
1
2DtX
aDtXa + Ja (X, τ)DtX
a− V (X, τ) − 12mˆ2A (X, τ) + · · ·
]
+ tr
[
V (X, τ)
]
.
(2.24)
Here Xa is a Hermitian matrix of which the eigenvalues represent the positions of the D-particles.
Moreover, in (2.24) the ordinary time derivative is replaced by the covariant time derivative
involving a non-dynamical gauge field A0,
DtX = X˙ − i[A0,X] . (2.25)
This allows for the gauge symmetry,
X −→ U−1XU , A0 −→ U−1A0U + iU−1∂tU , U ∈ U(N) . (2.26)
The equation of motion of the auxiliary gauge field A0 is a secondary first-class constraint, and
the physical states are in the gauge singlet sector.
The reason for the gauging is related to the identical property of the D-particles. The di-
agonalization of the X is not unique; the Weyl group of U(N) in (2.26) acts by permuting the
eigenvalues of X. Physically, this reflects the fact that D-particles are identical particles [34]. In
matrix models, gauging the U(N) symmetry naturally takes care of the ambiguity in the diago-
nalization. Different diagonalizations correspond to the same gauge orbit and hence to the same
physical state [35]. The gauging of the matrix model is also consistent with the gauge theory
description of D-brane dynamics.
The abbreviated part in (2.24) corresponds to possible terms which vanish when N = 1 or the
single particle case, such as a commutator of the matrices. Its explicit form can be uniquely de-
termined by requiring both the maximal supersymmetry and the gauge symmetry simultaneously,
as we analyze in detail later.
2.2 Membrane or p-brane aspect
Here we generalize the above analysis on the point particle to a generic p-brane of which the
dynamics is given by the Nambu-Goto action coupled to a p+ 1 form (2.3). Apparently the
2This is somewhat in contrast to the ordering ambiguity appearing in non-Abelian generalizations of the rela-
tivistic action or DBI action. See [33] for some proposals to fix the ambiguity.
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action is invariant under the (p + 1)-dimensional worldvolume diffeomorphism ξµ → ξ′µ(ξ)
provided xM (ξ) transforms as a scalar
xM (ξ) −→ x′M (ξ) = xM (ξ′) . (2.27)
This induces
Gµν(ξ) −→ G′µν(ξ) =
∂ξ′κ
∂ξµ
∂ξ′λ
∂ξν
Gκλ(ξ′) . (2.28)
Below we will break this gauge symmetry step by step via some gauge fixing conditions such
that, at the end, only the p-dimensional static volume preserving diffeomorphism will survive.
With the decomposition of the worldvolume coordinates into the temporal and spatial parts
ξ0 = τ , ξi = σi ( 1 ≤ i ≤ p ) , (2.29)
our first gauge fixing is to identify the worldvolume time with a light-cone coordinate in the target
spacetime,
τ ≡ x+ . (2.30)
Now the unbroken gauge symmetry is
τ −→ τ ′ = τ , σi −→ σ′i = f i(τ, σ) , (2.31)
under which, in particular, Gτi(ξ) component transforms as
Gτi(ξ) −→ G′τi(ξ) =
∂f j
∂σi
Gjk(ξ′)
(
∂τf
k(τ, σ) + G¯kl(ξ′)Gτl(ξ′)
)
, (2.32)
where G¯kl is the inverse of the p× p matrix Gij i.e. G¯ijGjk = δik. With arbitrary functions fk(0, σ),
1 ≤ k ≤ p at an initial time τ = 0, one can uniquely fix its time evolution by demanding
∂τf
k(τ, σ) = −G¯kl(τ, f(τ, σ))Gτl(τ, f(τ, σ)) . (2.33)
This recurrently determines all the higher order time derivatives of fk(τ, σ). Thus, it is possible
to choose a gauge such that
∀ 1 ≤ i ≤ p , Gτi = 0 . (2.34)
At this stage the unbroken gauge symmetry is the p-dimensional worldvolume ‘static’ diffeomor-
phism
τ −→ τ ′ = τ , σi −→ σ′i = f i(σ) . (2.35)
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With the gauge choices above i.e. τ = x+ and Gτi = 0, the Nambu-Goto Lagrangian and the
p+ 1 form Lagrangian in the target spacetime background (2.10) read
LN.G. = −TA
p+1
2
√(
− 2x˙− + 2V − 2Jay˙a − gaby˙ay˙b
)
det
(
∂iya∂jybgab
)
,
LCp+1 = −
1
p!
ǫ τj1···jp ∂j1x
M1 · · · ∂jpxMp
(
C+M1···Mp(x) + x˙
−C−M1···Mp(x) + y˙
aCaM1···Mp(x)
)
,
(2.36)
where the determinant is for the p× p matrix, ∂iya∂jybgab = Gij . The dynamical variables are x−
and ya.
Especially for the light-cone variable x−, we define a quantity P− as
P− := ∂LN.G.
∂x˙−
= TA
p+1
2
√√√√ det(∂iya∂jybgab(y, τ))
− 2x˙− + 2V − 2Jay˙a − gaby˙ay˙b . (2.37)
We note that P− is a scalar density with weight one such that under the static diffeomorphism
(2.27), (2.35), it transforms as
P−(τ, σ) −→ P ′−(τ, σ) =
∣∣∣∣det
(
∂σ′
∂σ
)∣∣∣∣P−(τ, σ′) . (2.38)
Hence, it is possible to choose a gauge such that at τ = 0 the momentum has no spatial dependency,
∀ 1 ≤ i ≤ p , ∂P−(0, σ)
∂σi
= 0 . (2.39)
This is the last of the gauge fixing conditions in our prescription. The remaining unbroken gauge
symmetry is then the time-independent p-dimensional volume-preserving diffeomorphism.
Now we turn to the dynamics. The Euler-Lagrangian equations of the p-brane action are
∂µ
(
∂LN.G.
∂ ∂µxm
)
− ∂LN.G.
∂xm
+ ∂µ
(
∂LCp+1
∂ ∂µxm
)
− ∂LCp+1
∂xm
= 0 , (2.40)
where xm is either x− or ya. After straightforward manipulation one obtains
∂µ
(
∂LCp+1
∂ ∂µxm
)
− ∂LCp+1
∂xm
=
1
(p+ 1)!
ǫµ1···µp+1 ∂µ1x
M1 · · · ∂µp+1xMp+1 FmM1···Mp+1 . (2.41)
In particular, since LN.G. depends on neither x− nor its spatial derivatives ∂jx−, the equation of
motion of x− is
∂P−
∂τ
=
1
p!
ǫ τj1···jp ∂j1x
M1 · · · ∂jpxMp
(
F+−M1···Mp + y˙
aFa−M1···Mp
)
. (2.42)
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From our main assumption (2.10), the right hand side vanishes and hence, P− is time independent,
∂τP− = 0. Therefore along with the gauge choice (2.39), P− becomes strictly a constant on-shell,
∀ 0 ≤ µ ≤ p , ∂P−
∂ξµ
= 0 . (2.43)
Regarding the equations of motion of the remaining variables ya, which read with (2.10)
∂
∂τ
(
∂LN.G.
∂ y˙a
)
+
∂
∂σi
(
∂LN.G.
∂ ∂iya
)
− ∂LN.G.
∂ya
− 1
p!
ǫ τj1···jp ∂j1y
b1 · · · ∂jpybp F+ab1···bp = 0 , (2.44)
we have3 for a fixed c-number P−,
∂LN.G.
∂ y˙a
= P−
(
gaby˙
b + Ja
)
,
∂LN.G.
∂ ∂iya
= −
(
T 2
2P−
)
Ap+1
∂
∂ ∂iya
det
(
∂jy
a∂ky
bgab(y, τ)
)
,
∂LN.G.
∂ya
=
∂
∂ya
[
P−
(
1
2gbcy˙
by˙c + Jby˙
b − V
)
−
(
T 2
2P−
)
Ap+1 det
(
∂jy
a∂ky
bgab
)]
.
(2.45)
Furthermore, for the p-form V satisfying (2.11), if we set
LV := + 1
p!
ǫτj1j2···jp∂j1y
a1∂j2y
a2 · · · ∂jpyapVa1a2···ap(y, τ) , (2.46)
then in a similar fashion to (2.41) we obtain
∂i
(
∂LV
∂ ∂iya
)
− ∂LV
∂yi
= − 1
p!
ǫτj1···jp ∂j1y
b1 · · · ∂jpybp F+ab1···bp . (2.47)
Therefore, we conclude that for an arbitrary sector of the fixed constant of motion P−, the
relativistic p-brane dynamics can be exactly described by the following ‘non-relativistic’ action :
L− = P−
[
1
2gab (y, τ) y˙
ay˙b + Ja(y, τ)y˙
a − V (y, τ)− 12T 2−A(y, τ)p+1 det
(
∂iy
a∂jy
bgab(y, τ)
)]
+
1
p!
ǫj1j2···jp ∂j1y
a1 · · · ∂jpyap Va1···ap(y, τ) ,
(2.48)
3Surely, the derivative of the determinant in (2.45) can be explicitly spelled out using the relation δ detM =
M−1abδMba detM . However, what is more illuminating expression in our analysis is the one in (2.45).
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where we set T− := TP−1− , and from (2.37), P− should be taken as a positive c-number, rather
than a dynamical variable. The determinant in (2.48) is for the p × p matrix. In the case p = 0
i.e. a point particle, by setting the determinant to be 1 the Lagrangian consistently reduces to
the previous result (2.23). For p = 1 we obtain the usual string action in the light-cone gauge.
After some scaling of the worldvolume coordinates we get
Lstring = 12
(
∂τy
a∂τy
b −A(y, τ)2∂σya∂σyb
)
gab (y, τ) + Ja(y, τ)y˙
a − V (y, τ) + T−1 ∂σyaVa .
(2.49)
For generic values of p, the determinant in the above action (2.48) can be expressed in terms of
the Nambu bracket [36]
{
ya1 , ya2 , · · · , yap
}
N.B.
:= ǫj1j2···jp
∂ya1
∂σj1
∂ya2
∂σj2
· · · ∂y
ap
∂σjp
,
det
(
∂iy
a∂jy
bgab
)
=
1
p!
{
ya1 , ya2 , · · · , yap
}
N.B.
{
yb1 , yb2 , · · · , ybp
}
N.B.
ga1b1ga2b2 · · · gapbp .
(2.50)
The matrix regularization is then to replace the dynamical fields ya(τ, σ) by N × N Hermitian
matrices Xa(τ) depending on the time only; the ordinary time derivative by the covariant time
derivative (2.25); and further the Nambu bracket by an anti-symmetrized matrix product,4
{
ya1 , ya2 , · · · , yap
}
N.B.
⇐⇒ (√−1) 12p(p−1) [Xa1 ,Xa2 , · · · ,Xap ] , (2.51)
where we set [
M1,M2, · · · ,Mp
]
:= ǫj1j2···jp Mj1Mj2 · · ·Mjp . (2.52)
The numerical factor in (2.51) is chosen such that the right hand side is Hermitian provided Xa’s
4However, while the Nambu bracket satisfies the generalized Jacobi identity
{{
f1, f2, · · · , fp
}
N.B.
, g2, · · · , gp
}
N.B.
=
p∑
j=1
{
f1, · · · , fj−1,
{
fj , g2, · · · , gp
}
N.B.
, fj+1, · · · , fp
}
N.B.
,
the anti-symmetrized matrix product (2.51) does not do so except p = 2 case. See [37,38] for related discussions.
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are so. The resulting matrix model is then, for gab = δab (to avoid an ordering ambiguity),
SM.M. =
∫
dτ P− L−M.M. ,
L−M.M. = tr
(
1
2DtX
aDtXa + Ja (X, τ)DtX
a − V (X, τ)
)
+tr
(
− κ
2
p
2p!
(−1) 12p(p−1)A(X, τ)p+1
[
Xa1 ,Xa2 , · · · ,Xap
]2)
+tr
(
λp
p!
(√−1) 12p(p−1) [Xb1 ,Xb2 , · · · ,Xbp]Vb1b2···bp (X, τ)
)
,
(2.53)
where κp, λp are constants. It is noteworthy that the first line in the Lagrangian is universally
present irrespective of p.
When p = 1, i.e. for the string, the matrix model essentially reduces to a D − 2 copies of
harmonic oscillators subject to additional potentials V , Ja and Va; while for p = 2 i.e. membrane,
the Nambu bracket reduces to the Poisson bracket, and the matrix regularization can be justified in
terms of the non-commutative geometry as follows. For a constant non-commutative deformation
of a two-dimensional space [
σ1, σ2
]
= iθ , (2.54)
the non-commutative geometry can be realized either by Moyal-Weyl star product formalism on
ordinary commutative space,
f(σ) ⋆ g(σ) = f(σ)ei
θ
2
←
∂iǫ
ij
→
∂jg(σ) =⇒ σ1 ⋆ σ2 − σ2 ⋆ σ1 = iθ , (2.55)
or equivalently by a matrix formalism generated by a pair of∞×∞ matrices satisfying the matrix
commutator relation,
[
σˆ1, σˆ2
]
= iθ. The equivalence between the two formalisms follows from the
isomorphism5
O(f)O(g) = O(f ⋆ g) , (2.56)
where O(f) is a Weyl ordering map from an ordinary commutative function to a matrix, defined
by
O(σj1σj2 · · · σjn) :=
n!∑
P=1
1
n!
σˆP1σˆP2 · · · σˆPn . (2.57)
5For a proof of the isomorphism in the physics literature see e.g. [39], and for the string theory aspect of the
non-commutative geometry see [40]. The isomorphism guarantees the associativity of the star product, since the
matrix product is associative.
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Here P denotes the permutations of the n indices (j1, j2, · · · , jn).
The justification of the matrix regularization in the case of p = 2 then follows from an ob-
servation that the Poisson bracket corresponds to the leading order term in the start product
commutator,
[ f, g ]⋆ = iθ { f, g }P.B. + O
(
θ2
)
. (2.58)
The matrix model for a membrane contains terms of matrix commutator squared, and this
coincides with the potential in the Yang-Mills quantum mechanics. In the rest of the paper, we
analyze the most general supersymmetric mass deformations of all the super Yang-Mills quantum
mechanics, without breaking any supersymmetry. The resulting matrix models can be identified
as the light-cone formulation of the relativistic superparticle or supermembrane actions.
3 N = 16 super Yang-Mills quantum mechanics : BMN matrix
model
In [14], Figueroa-O’Farrill and Papadopoulos classified the maximally supersymmetric solutions of
the eleven-dimensional supergravity theory. Up to local isometry, AdS4×S4, AdS7×S7, pp-wave
and the flat spacetime exhaust them. In particular, the pp-wave solution reads [14–17]
ds2 = 2dx+dx−− 136µ2
(
x21 + · · ·+ x26 + 4x27 + 4x28 + 4x29
)
dx+dx++
9∑
a=1
dxadxa ,
F789+ = µ ,
(3.1)
where µ is a characteristic mass parameter of the solution. When µ = 0, the solution apparently
reduces to the flat background.
In [1], Berenstein, Maldacena and Nastase (BMN) derived theM-theory matrix model in the
above maximally supersymmetric pp-wave background
LN=16BMN = tr
(
1
2DtX
aDtXa +
1
4 [X
a,Xb]2 + i12Ψ
†DtΨ− 12Ψ†Γa[Xa,Ψ]
)
+iµ tr
(
1
8Ψ
†Γ789Ψ−X7 [X8,X9]
)
− 172µ2 tr
(
X21 +X
2
2 +X
2
3 +X
2
4 +X
2
5 +X
2
6 + 4X
2
7 + 4X
2
8 + 4X
2
9
)
,
(3.2)
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where with a = 1, 2, · · · , 9, Γa = (Γa)† are Euclidean nine-dimensional gamma matrices satisfying
in general6
(Γa)T = (Γa)∗ = C−1ΓaC , C = CT =
(
C†
)−1
, (3.3)
and Ψ is a sixteen-component Majorana spinor Ψ = CΨ∗. The matrix model possesses 16 real
dynamical supersymmetries (and hence N = 16) :
δA0 = iΨ
†ε(t) , δXa = iΨ†Γaε(t) ,
δΨ =
(
DtX
aΓa − i12 [Xa,Xb]Γab − 112µXΓ789 − 14µΓ789X
)
ε(t) ,
(3.4)
where X := XaΓa, and the supersymmetric parameter is time dependent
ε(t) = e
1
12
tµΓ789ε(0) . (3.5)
As we show in Appendix A.5, BMN matrix model is the unique mass deformation of the N = 16
super Yang-Mills quantum mechanics. The uniqueness is consistent with the fact that, among the
maximally supersymmetric eleven-dimensional backgrounds, only the pp-wave background (3.1)
can give the supersymmetric mass deformation of the N = 16 SYMQM via the light-cone quan-
tization.
The dynamical supersymmetries form a super Lie algebra su(2|4). The classification of its
supermultiplets was achieved [41,42], and the corresponding classical configurations were analyzed
in [43] using the ‘projection’ method [44]. For the perturbative analysis on the spectrum, see also
[18, 45]. In particular, the maximally supersymmetric configuration preserving all the dynamical
supersymmetries is given by a static fuzzy sphere spanning the 7, 8, 9 directions :
[Xp,Xq] = i
1
3µǫpqrX
r , DtX
p = 0 , X1 = X2 = X3 = X4 = X5 = X6 = 0 , (3.6)
where p, q, r = 7, 8, 9 and ǫ789 = 1. In addition, there are 16 real kinematical supersymmetries
δA0 = δX
a = 0 , δΨ = e−
1
4
tµΓ789ε′ . (3.7)
6For simplicity one may take the real gamma matrices such that C = 1.
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4 N = 8 super Yang-Mills quantum mechanics
In this section we analyze the mass deformations of the N = 8 super Yang-Mills quantum mechan-
ics which originates from the six-dimensional minimal super Yang-Mills theory via dimensional
reduction. We first review the six-dimensional super Yang-Mills in order to set up our notations,
especially for the su(2) Majorana-Weyl spinor. We then present the most general mass deforma-
tions of the N = 8 super Yang-Mills quantum mechanics. It turns out that there exist two distinct
types of mass deformations: type I and type II, with the corresponding superalgebra su(2|2) and
su(2|1)⊕su(2|1) respectively. Only the former is compatible with the su(2) Majorana-Weyl condi-
tion, while the latter breaks the su(2) symmetry. The latter is a rederivation of an earlier work [2].
Here we simply present the results. The detailed derivation is carried out in Appendix A.1.
4.1 Minimal super Yang-Mills in six-dimensions
In six-dimensional Minkowskian spacetime of the metric η = diag(−+++++), the 8× 8 gamma
matrices satisfy with M = 0, 1, 2, 3, 4, 5 [46,47]
ΓM † = ΓM = AΓ
MA† , A := Γ12345 = A† = A−1 ,
ΓMT = CΓMC† , CT = −C , C† = C−1 ,
ΓM ∗ = BΓMB† , B = CA = −BT , B† = B−1 .
(4.1)
The gamma “seven” is given by Γ(7) = Γ012345 which satisfies Γ(7) = Γ(7)† = Γ(7)−1 and
ΓLMN = 16ǫ
LMNPQR ΓPQRΓ
(7) , (4.2)
where ǫ012345 = +1.
The su(2) Majorana-Weyl spinor ψi, i = 1, 2, satisfies then
Γ(7)ψi = +ψi , ψ¯
iΓ(7) = −ψ¯i : chirality
ψ¯i = (ψi)
†A = ǫij(ψj)
TC : su(2) Majorana ,
(4.3)
where ǫij is the usual 2×2 skew-symmetric unimodular matrix. It is worth to note that ψ¯iΓM1M2···M2nρi =
0 and
tr(iψ¯iΓM1M2···M2n+1ρi) =
[
tr(iψ¯iΓM1M2···M2n+1ρi)
]†
= −(−1)ntr(iρ¯iΓM1M2···M2n+1ψi) , (4.4)
where ψi, ρi are two arbitrary Lie algebra valued su(2) Majorana-Weyl spinors.
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The six-dimensional super Yang-Mills Lagrangian is
L6D SYM = tr
(−14FLMFLM − i12 ψ¯iΓLDLψi) , (4.5)
where all the fields are in the adjoint representation of the gauge group such that, with Hermitian
Lie algebra valued gauge fields AM ,
DLψi = ∂Lψi − i[AL, ψi] , FLM = ∂LAM − ∂MAL − i[AL, AM ] . (4.6)
From (4.4) the action is real valued.
The supersymmetry transformations are, with a su(2) Majorana-Weyl supersymmetry param-
eter εi,
δAM = +iε¯
iΓMψi = −iψ¯iΓMεi , δψi = −12FMNΓMNεi . (4.7)
In particular, δψ¯i = +12FMN ε¯
iΓMN . There are eight real supersymmetries.
The crucial Fierz identity for the supersymmetry invariance is, with the chiral projection
matrix P := 12(1 + Γ
(7)), (
ΓLP
)
αβ
(ΓLP )γδ +
(
ΓLP
)
γβ
(ΓLP )αδ = 0 , (4.8)
which ensures the vanishing of the terms cubic in ψi
tr
(
ψ¯iΓL[δAL, ψi]
)
= tr
(
ψ¯iΓL[ iε¯jΓLψj , ψi]
)
= 0 . (4.9)
4.2 Deformation SO(5)→ SO(3)× SO(2) : type I
After a dimensional reduction of (4.5) to the time t, we obtain a N = 8 super Yang-Mills quantum
mechanics, containing five Hermitian matrices Xa, a = 1, 2, 3, 4, 5,
LN=80 = tr
(
1
2DtX
aDtXa +
1
4 [X
a,Xb]2 − i12 ψ¯iΓtDtψi − 12 ψ¯iΓa[Xa, ψi]
)
. (4.10)
The mass dimensions are 1 for the bosons and 32 for the fermions so that the Lagrangian has mass
dimension 4.
We consider the most general mass deformations of the above matrix model which preserves
all the supersymmetries. From the chirality of the spinors, the possible mass term for the fermion
is of the form :
tr
[
ψ¯
(
MLΓ
L − i 13!MabcΓabc
)
ψ
]
, (4.11)
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where ML, Mabc are real parameters, which a priori may depend on time. However, as we show
in Appendix (A.1), it turns out that in order to admit N = 8 supersymmetries they must be
constants, and furthermore it is required that either ML = 0 or Mabc = 0. Namely there exist
two distinct types of mass deformations: type I and type II. Only the former leads to a mass
deformation which is still compatible with the su(2) Majorana-Weyl condition.
With a constant mass parameter µ, N = 8 type I massive super Yang-Mills quantum mechanics
reads
LN=8
type I
= tr
(
1
2DtX
aDtXa +
1
4 [X
a,Xb]2 − i12 ψ¯iΓtDtψi − 12 ψ¯iΓa[Xa, ψi]
)
+tr
(
i18µψ¯
iΓ345ψi − iµ[X3,X4]X5 − 172µ2
(
X21 +X
2
2 + 4X
2
3 + 4X
2
4 + 4X
2
5
) )
.
(4.12)
The supersymmetry transformations are given by
δA0 = iψ¯
iΓtεi(t) , δXa = iψ¯
iΓaεi(t) ,
δψi =
(
ΓtaDtXa − i12 [Xa,Xb]Γab − 112µXΓ345 − 14µΓ345X
)
εi(t) ,
(4.13)
where
X = ΓaXa , εi(t) = e
1
12
tµΓt345εi(0) . (4.14)
Note that the Lagrangian manifestly possesses a SO(2) × SO(3) × SU(2) symmetry. The mass
spectra are 14µ for the fermions,
1
6µ for the two scalars and
1
3µ for the other three scalars.
4.3 su(2|2) superalgebra : type I
Writing the Noether charge for the supersymmetry transformation (4.13) as
tr
(−iψ¯iΓtδψi) := iQ¯iεi(t) , (4.15)
the supercharge satisfies the su(2) Majorana-Weyl condition with the opposite chirality to the
fermions εi, ψi,
Γ(7)Qi = −Qi , Q¯iΓ(7) = +Q¯i : anti-chirality ,
Q¯i = (Qi)
†A = ǫij(Qj)
TC : su(2) Majorana .
(4.16)
This is consistent with the fact that the Noether charge is real, iQ¯iεi(t) = −iε¯i(t)Qi =
(
iQ¯iεi(t)
)†
.
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The supersymmetry algebra of the N = 8 type I massive SYMQM (4.12) reads explicitly
[H,Qi] = +i
1
12µΓ12Qi , [H, Q¯
i] = −i 112µQ¯iΓ12 ,
{
Qi, Q¯
j
}
= 2δ ji
(
A(H − 16µM12)− 16µǫpqrΓpM qr
)
P+ + i
2
3µTi
j Γ345P+ ,
(4.17)
and, as usual,
[M12, Qi] = +i
1
2Γ12Qi , [M12, Q¯
i] = −i12Q¯iΓ12 ,
[Mpq, Qi] = +i
1
2ΓpqQi , [Mpq, Q¯
i] = −i12Q¯iΓpq ,
[Mpq,Mrs] = i (δprMqs − δpsMqr − δqrMps + δqsMpr) ,
[Ti
j, Qk] = δ
j
kQi − 12δijQk , [Tij , Tkl] = δkjTil − δilTkj , Tjj = 0 ,
[H,M12] = 0 , [H,Mpq] = 0 , [M12,Mpq] = 0 , [H,Ti
j] = 0 , [Mab, Ti
j ] = 0 .
(4.18)
Here Qi, H, M12, Mpq, p, q = 3, 4, 5, Ti
j =
(
Tj
i
)†
refer to the supercharges, Hamiltonian, the
SO(3) × SO(2) generators, the su(2) generator; and P+ = 12
(
1 + Γ(7)
)
is the chiral projector.
In particular, we note that H−16µM12 is central7
[H−16µM12 , anything ] = 0 , (4.19)
and since
{
Qi, Qi
†
}
is non-negative, we have the unitary bound
H ≥ 16µM12 . (4.20)
From the classification of the simple super Lie algebra by Kac [48,49], we identify the correspond-
ing superalgebra8 as a centrally extended su(2|2).
7By a field redefinition (A.7), one can rewrite the Lagrangian such that the new Hamiltonian itself is central.
8Any inclusion of a brane charge in the simple super Lie algebra (e.g. [50]) will inevitably lead to a noncentral
extension of the super Lie algebra [51]. This can be seen easily from a Jacobi identity involving two supercharges
Q, Q¯ and a brane charge Z, [{
Q, Q¯
}
, Z
]
=
{
Q,
[
Q¯, Z
]}
+
{
Q¯, [Q,Z]
}
.
The left hand side corresponds to an infinitesimal rotation of the brane charge. Since the brane charge is not singlet
under the rotations in general, the left hand side does vanish. This show that the brane charge can not commute
with supercharges [52]. In the present paper, we neglect the brane charges and identify only the non-extended
simple super Lie algebras classified in [48,49].
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4.4 N = 8 supersymmetric configuration : type I
From the supersymmetry transformation (4.13), it is straightforward to obtain the following 8/8
BPS equations i.e. the conditions for the bosonic configuration to preserve all the eight super-
symmetries,
DtX1 = −16µX2 , DtX2 = +16µX1 , DtXp = 0 ,
[Xp,Xq] = i
1
3µǫpqrX
r , [Xi,Xp] = 0 , [X1,X2] = 0 ,
(4.21)
where i = 1, 2, p, q, r = 3, 4, 5, and ǫpqr is a totally anti-symmetric tensor with ǫ345 = 1. Note
that the BPS equations imply all the Euler-Lagrangian equations of the N = 8 super Yang-Mills
quantum mechanics, including the Gauss constraint.9
The most general irreducible solution is given by a fuzzy sphere spanning (4, 5, 6) directions
and rotating on the (1, 2) plane
X1 = R cos(
1
6tµ) 1 , X2 = R sin(
1
6tµ) 1 , Xp =
1
3µJp , (4.22)
where R is the radius of the circular orbit on the (1, 2) plane, and Jp, p = 4, 5, 6 satisfy the
standard so(3) commutator relations, [Jp, Jq] = iǫpqrJ
r . The rotating fuzzy sphere saturates the
unitary bound (4.20) as H = 16µM12 =
(
1
6µR
)2
.
4.5 Deformation SO(5)→ SO(4), su(2|1)⊕ su(2|1) superalgebra : type II
Type II mass deformation of the N = 8 super Yang-Mills quantum mechanics breaks the su(2)
symmetry of the su(2) Majorana-Weyl spinors. Hence, in this subsection we drop the su(2) index
of the fermion
ψ := ψ1 , ψ¯ = ψ
†A = ψ¯1 . (4.23)
N = 8 type II massive super Yang-Mills quantum mechanics then reads [2]
LN=8
type II
= tr
(
1
2DtX
aDtXa +
1
4 [X
a,Xb]2 − iψ¯ΓtDtψ − ψ¯Γa[Xa, ψ]
)
+tr
(
1
4µψ¯Γ
1ψ − 172µ2
(
4X21 +X
2
2 +X
2
3 +X
2
4 +X
2
5
) )
.
(4.24)
The supersymmetry transformations are given by
δA0 = ψ¯Γ0ε(t) + ε¯(t)Γ0ψ , δXa = ψ¯Γaε(t) + ε¯(t)Γaψ ,
δψ =
(
− iDtXaΓta − 12 [Xa,Xb] Γab + 14µΓ1X + 112µXΓ1
)
ε(t) ,
(4.25)
9However, in general, the BPS equations for less supersymmetries do not necessarily imply the Gauss constraint
[43].
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where
X = ΓaXa , ε(t) = e
−i 1
12
tµΓt1ε(0) . (4.26)
Note that the Lagrangian manifestly possesses a SO(4) symmetry. The mass spectra are 14µ for
the fermions, 16µ for the four scalars and
1
3µ for the one scalar.
With anti-chiral supercharges Q = −Γ(7)Q, Q¯ = Q†A = Q¯Γ(7), the supersymmetry algebra
corresponds to su(2|1) ⊕ su(2|1),
{
Q, Q¯
}
= 2
(
AH + i 112µMmnΓ
mn1 − 112µT Γ1
)
P+ ,
{Q,Q} = 0 , [H,T ] = 0 ,
[H,Q ] = 112µΓ
t1Q , [H, Q¯ ] = 112µQ¯Γ
t1 ,
[T,Q ] = Q , [T, Q¯ ] = −Q¯ ,
(4.27)
where Mmn corresponds to the so(4) = su(2) ⊕ su(2) generators for (2, 3, 4, 5) directions, and T
is the u(1) generator of the phase rotation of the fermion. Unlike type I, in this case there is no
nontrivial N = 8 supersymmetric configuration.
5 N = 4 super Yang-Mills quantum mechanics
In this section we analyze the mass deformations of the N = 4 super Yang-Mills quantum mechan-
ics which originates from the four-dimensional minimal super Yang-Mills theory via dimensional
reduction. After reviewing the four-dimensional super Yang-Mills, we present the most general
mass deformations of the N = 4 super Yang-Mills quantum mechanics. Like N = 8 case, there
exist two distinct types of mass deformations: type I and II. Type I is a two-parameter family of
deformations, while type II contains only one parameter.
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5.1 Minimal super Yang-Mills in four-dimensions
In four-dimensional Minkowskian spacetime of the metric η = diag(− + ++), the 4 × 4 gamma
matrices satisfy with µ = 0, 1, 2, 3
Γµ† = Γµ = −AΓµA† , A = Γt = −A† ,
Γµ∗ = +BΓµB† , BT = B , B† = B−1 ,
ΓµT = −CΓµC† , C = −CT = BΓt , C† = C−1 .
(5.1)
The spinors are then taken to meet the Majorana condition
ψ¯ = ψ†Γt = ψTC ⇐⇒ ψ∗ = Bψ . (5.2)
The four-dimensional super Yang-Mills Lagrangian is
L4D SYM = tr
(−14FµνFµν − i12 ψ¯ΓµDµψ) . (5.3)
The supersymmetry transformations are
δAµ = iε¯Γµψ = −iψ¯Γµε , δψ = −12FµνΓµνε . (5.4)
There are four real supersymmetries.
The Fierz identity relevant to the supersymmetry invariance is
(CΓµ)αβ(CΓµ)γδ + (CΓ
µ)βγ(CΓµ)αδ + (CΓ
µ)γα(CΓµ)βδ = 0 . (5.5)
5.2 Deformation SO(3)→ SO(3), su(2|1) superalgebra : type I
After a dimensional reduction, the four-dimensional super Yang-Mills gives a supersymmetric
matrix model containing three Hermitian matrices, Xa, a = 1, 2, 3,
LN=40 = tr
(
1
2DtX
aDtXa +
1
4 [X
a,Xb]2 − i12 ψ¯ΓtDtψ − 12 ψ¯Γa[Xa, ψ]
)
. (5.6)
As we show in Appendix A.2, there are two distinct ways of deforming this matrix model: type I
and type II. The former corresponds to a two-parameter µ1, µ2 family of deformation
LN=4
type I
= tr
(
1
2DtX
aDtXa +
1
4 [X
a,Xb]2 − i12 ψ¯ΓtDtψ − 12 ψ¯Γa[Xa, ψ]
)
+tr
(
i14µ1ψ¯ψ + i
1
4µ2ψ¯Γ
123ψ − iµ2 [X1,X2]X3 − 118
(
µ21 + µ
2
2
)
XaXa
)
.
(5.7)
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Some characteristic features of the type I deformation are the unbroken SO(3) symmetry and the
presence of the Myers term. The supersymmetry transformations are
δA0 = −iψ¯Γtε(t) , δXa = −iψ¯Γaε(t) ,
δψ =
(
− ΓtaDtXa + i12 [Xa,Xb]Γab − 13µ1X + 13µ2XΓ123
)
ε(t) ,
(5.8)
where
ε(t) = e
1
6
t(µ1Γt−µ2Γt123)ε(0) . (5.9)
Diagonalizing the mass matrix µ1Γ
t + µ2Γ
t123, we obtain the mass spectra, 12
√
µ21 + µ
2
2 for the
fermions and 13
√
µ21 + µ
2
2 for the bosons.
With the Majorana supercharge Q¯ = QTC = Q†Γt, the corresponding supersymmetry algebra
reads
[H,Q] = −i16
(
µ1Γ
t + µ2Γ
t123
)
Q ,
{
Q, Q¯
}
= 2
(
ΓtH + 16µ1Γ
abMab − 16µ2ǫabcΓaM bc
)
.
(5.10)
This can be identified as su(2|1) super Lie algebra.
From (5.8), maximally supersymmetric configuration, preserving all the N = 4 supersymme-
tries, exists only if µ1 = 0. It corresponds to the static fuzzy sphere
DtXa = 0 , [Xa,Xb] = i
1
3µ2 ǫabcX
c . (5.11)
Physically, when µ1 6= 0, the harmonic potential becomes too steep to support the fuzzy sphere
favored by the Myers term. It is worth to note that the Lagrangian (5.7) can be rewritten such
that the fuzzy sphere structure is manifest in the potential
LN=4type I = tr
[
1
2DtX
aDtXa +
1
4
(
[Xa,Xb]− i13µ2 ǫabcXc
)2
− 118µ21XaXa
]
+tr
[
− i12 ψ¯ΓtDtψ − 12 ψ¯Γa[Xa, ψ] + i14 ψ¯
(
µ1 + µ2Γ
123
)
ψ
]
.
(5.12)
Finally we note an interesting property at µ1 = 0. In this case, a time dependent field
redefinition of the fermion
ψ −→ e 12 t(µ3−µ2)Γt123ψ , (5.13)
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can change the mass of the fermion arbitrarily: 12µ2 → 12µ3, without changing the mass of the
bosons. The resulting matrix model reads
LN=4type I
∣∣
µ1=0
= tr
[
1
2DtX
aDtXa +
1
4
(
[Xa,Xb]− i13µ2 ǫabcXc
)2]
+tr
[
− i12 ψ¯ΓtDtψ − 12 ψ¯Γa[Xa, ψ] + i14µ3ψ¯Γ123ψ
]
.
(5.14)
The mass parameter µ3 is fictitious, since different values can be mapped to one another by the
field redefinition. The supersymmetry transformations are
δA0 = −iψ¯Γtε(t) , δXa = −iψ¯Γaε(t) ,
δψ =
(
− ΓtaDtXa + i12 [Xa,Xb]Γab + 13µ2XΓ123
)
ε(t) ,
(5.15)
where
ε(t) = e
1
6
t(2µ2−3µ3)Γt123ε(0) . (5.16)
The corresponding supersymmetry algebra is now of the form
[H,Q] = i16 (2µ2 − 3µ3) Γt123Q , [R,Q] = iΓt123Q , [H,R] = 0 ,
{
Q, Q¯
}
= 2
(
Γt
(
H + 12 (µ3 − µ2)R
)− 16µ2ǫabcΓaM bc) ,
(5.17)
where, compared to (5.10), a new generator R = R† = i12 ψ¯Γ
123ψ appears which corresponds to
the following Noether symmetry of the Lagrangian
δA0 = 0 , δX0 = 0 , δψ = Γ
t123ψ . (5.18)
The superalgebra is then a central extension of su(2|1).
5.3 Deformation SO(3)→ SO(2), Clifford4(R) superalgebra : type II
The other deformation, type II, of the N = 4 super Yang-Mills quantum mechanics is
LN=4type II= tr
(
1
2DtX
aDtXa +
1
4 [X
a,Xb]2 − i12 ψ¯ΓtDtψ − 12 ψ¯Γa[Xa, ψ]
)
+tr
(
i18µψ¯Γ
t12ψ − 172µ2
(
X21 +X
2
2 + 4X
2
3
) )
.
(5.19)
The supersymmetry transformations are
δA0 = −iψ¯Γtε(t) , δXa = −iψ¯Γaε(t) ,
δψ =
(
− ΓtaDtXa + i12 [Xa,Xb]Γab − 14µΓt12X + 112µXΓt12
)
ε(t) ,
(5.20)
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where
ε(t) = e−
1
12
tµΓ12ε(0) . (5.21)
The supersymmetry algebra reads
[H,Q] = i 112µΓ12Q ,
{
Q, Q¯
}
= 2Γt
(
H − 16µM12
)
. (5.22)
Similar to (4.19), (4.20), H − 16µM12 is central and positive semi-definite. The corresponding
superalgebra is then Clifford4(R).
There exists a nontrivial N = 4 supersymmetric configuration corresponding to a circular
motion of the D-particles,
X1 = R cos
(
1
6tµ
)
1 , X2 = R sin
(
1
6tµ
)
1 , X3 = 0 . (5.23)
This saturates the unitary bound H = 16µM12 =
(
1
6µR
)2
.
6 N = 2 super Yang-Mills quantum mechanics
The three-dimensional Minkowskian spacetime of the metric η = diag(− + +) admits a Majo-
rana spinor, and all the formulae in Section 5.1 for the four-dimensional super Yang-Mills can be
freely adopted for the analysis on the three-dimensional super Yang-Mills. One only needs to note
that the gamma matrices are now 2×2 and Γt12 = 1, such that there are two real supersymmetries.
After the dimensional reduction of the minimal super Yang-Mills in three-dimensions, we
obtain a N = 2 supersymmetric matrix model with two Hermitian matrices Xa, a = 1, 2,
LN=20 = tr
(
1
2DtX
aDtXa +
1
4 [X
a,Xb]2 − i12 ψ¯ΓtDtψ − 12 ψ¯Γa[Xa, ψ]
)
. (6.1)
The most general mass term we may add for the fermion, which is compatible with the Majorana
condition, is
i18µ tr
(
ψ¯ψ
)
. (6.2)
On the other hand, there is no supersymmetric counter term for the bosons which are linear in
µ, up to the field redefinition (A.7). Obviously the Myers term can not exist with two spatial
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directions. As we show in Appendix A.3, the supersymmetric completion of the above mass term
is unique. The resulting massive N = 2 super Yang-Mills quantum mechanics reads
LN=2
Massive
= tr
(
1
2DtX
aDtXa +
1
2 [X1,X2]
2 − i12 ψ¯ΓtDtψ − 12 ψ¯Γa[Xa, ψ]
)
+tr
(
i18µψ¯ψ − 172µ2
(
X21 +X
2
2
) )
.
(6.3)
The supersymmetry transformations are
δA0 = −iψ¯Γtε(t) , δXa = −iψ¯Γaε(t) ,
δψ =
(
− ΓtaDtXa + i[X1,X2]Γ12 − 16µΓaXa
)
ε(t) ,
(6.4)
where
ε(t) = e
1
12
tµΓtε(0) . (6.5)
With the Majorana supercharge Q¯ = QTC = Q†Γt, the supersymmetry algebra of the N = 2
massive super Yang-Mills quantum mechanics reads
[H,Q] = −i 112µΓtQ ,
{
Q, Q¯
}
= 2Γt
(
H − 16µM12
)
. (6.6)
As before (4.19), (4.20), H − 16µM12 is central and positive semi-definite. The corresponding
superalgebra is Clifford2(R).
The BPS state preserving all the two supersymmetries corresponds to a circular motion
X1 = R cos
(
1
6 tµ
)
1 , X2 = R sin
(
1
6tµ
)
1 , (6.7)
which saturates the unitary bound H = 16µM12 =
(
1
6µR
)2
.
7 N = 1 + 1 super Yang-Mills quantum mechanics
In two-dimensional Minkowskian spacetime, the Majorana-Weyl spinor has only one real compo-
nent, ψ = ψ†. Accordingly the minimal super Yang-Mills field theory has one real supersymmetry.
However, it turns out that upon dimensional reduction the number of supersymmetries is dou-
bled [3], and hence our notation N = 1 + 1. The most general supersymmetric deformation was
obtained in [3] and shown to allow for two arbitrary time dependent functions Λ(t), ρ(t),
LN=1+1Massive = tr
[
1
2 (DtX)
2 + i12ψDtψ +Xψψ +
1
2Λ(t)X
2 + ρ(t)X
]
. (7.1)
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Here our convention is not to use any gamma matrices so that X is just a Hermitian matrix.10
The two dynamical supersymmetries, which we distinguish by +, − indices, are
δ±A0 = δ±X = if±(t)ψε± , δ±ψ =
(
f±(t)DtX − f˙±(t)X − κ±(t)1
)
ε± . (7.2)
Here ε+, ε− are two real supersymmetry parameters; f+(t), f−(t) are two different solutions of
the following second order differential equation
f¨±(t) = f±(t)Λ(t) ; (7.3)
and κ+(t), κ−(t) are given by
κ±(t) :=
∫ t
t0
dt′ ρ(t′)f±(t
′) . (7.4)
These two dynamical supersymmetries further reveal three bosonic symmetries which we denote by
δ++, δ−−, δ{+,−}, in order to indicate their origins as the anti-commutator of two supersymmetries:
δ++A0 = δ++X = f+
(
f+DtX − f˙+X − κ+1
)
, δ++ψ = 0 ,
δ−−A0 = δ−−X = f−
(
f−DtX − f˙−X − κ−1
)
, δ−−ψ = 0 ,
δ{+,−}A0 = δ{+,−}X = 2f+f−DtX −
(
f+f˙− + f−f˙+
)
X − (f+κ− + f−κ+) 1 , δ{+,−}ψ = 0 .
(7.5)
These bosonic symmetries form sp(2,R) ≡ so(1, 2) Lie algebra, and with the two supersymmetries
they form osp(1|2,R) super Lie algebra.
From the supersymmetry transformations of the fermion, the BPS equations are
f±(t)DtX = f˙±(t)X + κ±(t)1 . (7.6)
A generic BPS configuration then decomposes into the traceless and u(1) parts,
X(t) = f+(t)X + h+(t)1 or X(t) = f−(t)X + h−(t)1 . (7.7)
Here X is an arbitrary traceless constant matrix, and h±(t) are the solutions of the first order
differential equation f±h˙± = f˙±h±+ κ± corresponding to the center of mass N
−1trX(t) = h±(t).
Since f+(t) 6= f−(t), the BPS state preserves only one supersymmetry.
10Note that in the previous sections, our notation was “X := ΓaXa”.
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8 Comments
Alternative to our approach i.e. looking for the supersymmetric completions of the Yang-Mills
quantum mechanics after adding mass terms for fermions, one can consider the light-cone for-
mulation of the supersymmetric Nambu-Goto action in any supersymmetric background and try
to obtain a corresponding supersymmetric matrix model, as was done for the eleven-dimensional
background [8, 53].
Conversely, from our resulting massive super Yang-Mills quantum mechanics, utilizing the
light-cone formulation (2.53) for the generic background (2.10), it is straightforward to deduce the
corresponding supersymmetric background for each massive super Yang-Mills quantum mechanics.
For example, while the background for the BMN matrix model (3.2) is the eleven-dimensional pp-
wave background (3.1), for the N = 4 type II massive super Yang-Mills quantum mechanics, the
relevant background is
ds2 = 2dx+dx− − 136µ2
(
x21 + x
2
2 + 4x
2
3
)
dx+dx+ +
3∑
a=1
dxadxa . (8.1)
This background preserves 8 supersymmetries [19] which match the sum of the dynamical and
kinematical supersymmetries in N = 4 type II massive super Yang-Mills quantum mechanics.
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A Derivation of the mass deformations
A.1 N = 8 super Yang-Mills quantum mechanics
After the dimensional reduction to time t, the six-dimensional super Yang-Mills gives a supersym-
metric matrix model Lagrangian LN=80 containing five Hermitian matrices Xa, a = 1, 2, 3, 4, 5,
LN=80 = tr
(
1
2DtX
aDtXa +
1
4 [X
a,Xb]2 − i12 ψ¯iΓtDtψi − 12 ψ¯iΓa[Xa, ψi]
)
. (A.1)
The mass dimensions are 1 for the bosons and 32 for the fermions so that the Lagrangian has mass
dimension 4.
Dropping the su(2) indices of the su(2) Majorana-Weyl spinor, i.e. ψ ≡ ψ1, we can rewrite the
Lagrangian as
LN=80 = tr
(
1
2DtX
aDtXa +
1
4 [X
a,Xb]2 − iψ¯ΓtDtψ − ψ¯Γa[Xa, ψ]
)
. (A.2)
We look for the mass deformation of the above matrix model
LN=8Massive = LN=80 + µLN=81 + µ2LN=82 + · · · , (A.3)
where µ is a constant mass parameter we introduce. Accordingly, LN=81 has mass dimension three,
and hence it should take the form:11
LN=81 = tr
(
ψ¯Mψ + 13!SabcX
aXbXc + JabX
aDtX
b
)
,
M =MtΓ
t +MaΓ
a − i 13!MabcΓabc ,
(A.4)
where Mt, Ma, Mabc =M[abc], Sabc, Jab are dimensionless and may depend on time. On the other
hand, LN=82 has mass dimension two. Hence it should be purely bosonic and, in fact, quadratic in
X :
LN=82 = −tr
(
1
2S(ab)X
aXb
)
. (A.5)
It is clear that the expansion (A.3) terminates at the second order in µ.
Without loss of generality we may set Jab = −Jba, since
tr
(
JabX
aDtX
b
)
= tr
(
J[ab]X
aDtX
b
)
+
d
dt
tr
(
1
2J(ab)X
aXb
)
− tr
(
1
2 J˙(ab)X
aXb
)
, (A.6)
and the time derivative of Jab corresponds to LN=82 . A time dependent SO(5) rotation of the
dynamical variables (Xa, ψ) → (LabXb, Lˆψ) with
LT = L−1 , Lˆ† = Lˆ−1 , LˆΓaLˆ
−1 = ΓbL
b
a , LˆΓt = ΓtLˆ , (A.7)
11In (A.4), the chirality of the fermion has been taken into account, so that Γtab is absent in the expansion of M .
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leaves the above generic form of the Lagrangian (A.3) invariant. Among others, it induces a shift
of Jab,
Jab −→ Jab − 2
(
LT L˙
)
ab
. (A.8)
Hence, by solving L˙ = 12LJ for a given J , we can eliminate Jab [54,55]. Therefore without loss of
generality, we may set Jab = 0 in (A.4). Similarly by a time dependent U(1) phase transformation
of the fermion we can set Mt = 0 as well, such that
M =MaΓ
a − i16MabcΓabc . (A.9)
Now it is useful to note that
ΓtMΓt =M , ΓaMΓb − ΓbMΓa +MΓab = 4iMabcΓc − iΓabM ,
[
M,Γ12345
]
= 0 , M2 =MaM
a + 16MabcM
abc − iMabcM cΓab − 14MabeMcdeΓabcd .
(A.10)
The supersymmetry transformations for LN=80 (4.7) should get modified. However, in order to
benefit from the Fierz identity, (4.8), we keep the transformation of the bosons as before, but
allow the supersymmetry parameter to be time dependent so that
δA0 = ψ¯Γ0ε(t) + ε¯(t)Γ0ψ , δXa = ψ¯Γaε(t) + ε¯(t)Γaψ ,
δψ =
(−iDtXaΓta − 12 [Xa,Xb] Γab + µ∆) ε(t) ,
(A.11)
where ∆ is Lie algebra valued, depends on Xa and has mass dimension one. Its explicit form is
to be determined. Although we allow ε(t) to be time dependent, it can not be Lie algebra valued.
Explicitly, with a constant and chiral supersymmetry parameter εˆ, we set
ε := G(t)εˆ , ∂tε(t) = µΠ(t)ε(t) , µΠ(t) := ∂tG(t)G(t)
−1 . (A.12)
Accordingly under the above transformations we obtain
δLN=80 ≃ µtr
[
ψ¯Γt
(−iDt∆+ Γta[Xa,∆]−DtXaΓtaΠ+ i12 [Xa,Xb]ΓabΠ− iµ∆Π) ε]+ c. c. ,
δtr
[
ψ¯Mψ
]
= tr
[
ψ¯M
(−iDtXaΓta − 12 [Xa,Xb] Γab + µ∆) ε]+ c. c. ,
δtr
[
1
3!SabcX
aXbXc
]
= tr
[
1
2 ψ¯SabcX
aXbΓcε
]
+ c. c. ,
(A.13)
where c. c. denotes the complex conjugate containing ε¯, and ‘≃’ for δLN=80 indicates that total
derivative terms are neglected. From these, we can read off the expression for δLN=8Massive (A.3).
Especially the terms involving DtX
a read
δLN=8
Massive
=⇒ µtr[ψ¯Dt (−iΓt∆+XaΓaΠ− iMΓtXaΓa) ε]+ c. c. , (A.14)
31
which must vanish by itself. Hence we have
∆
(
1 + Γ(7)
)
=
(
MX − iXΓtΠ) (1 + Γ(7)) , (A.15)
where we set X := XaΓ
a. Further, since ∆
(
1− Γ(7)) is irrelevant for the chiral spinor, we may
simply set
∆ =MX − iXΓtΠ . (A.16)
Now using (A.10), it is straightforward to see
δ
[
LN=80 + µtr
(
ψ¯
(
MaΓ
a − i 13!MabcΓabc
)
ψ + i43MabcX
aXbXc
)]
= 12µtr
[
ψ¯[Xa,Xb]Γ
ab
(
M+ 3iΓtΠ
)
ε
]
+µtr
[
ψ¯
(
µM∆− iµΓt∆Π−XΠ˙ + iM˙ΓtX
)
ε
]
+ c. c.
(A.17)
which shows
Π = −i13ΓtM , (A.18)
and fixes LN=81 as
Sabc = i8Mabc . (A.19)
Provided these, (A.17) further reduces to
δ
[
LN=80 + µtr
(
ψ¯
(
MaΓ
a − i 13!MabcΓabc
)
ψ + i43MabcX
aXbXc
)]
= µ2tr
[
ψ¯
(
M2X + 23MXM +
1
9XM
2 − iµ−1Γt
(
M˙X + 13XM˙
))
ε
]
+ c. c. ,
(A.20)
and the right hand side must be identified as the variation of −µ2LN=82 which is purely bosonic
and quadratic in X. Thus, the quantity inside the bracket between ψ¯ and ε must be a linear
combination of gamma matrices up to the chiral projection. Hence,
M2X + 23MXM +
1
9XM
2 + iµ−1
(
M˙X + 13XM˙
)
Γ12345 = ΓbS(ab) , (A.21)
or equivalently for all a = 1, 2, 3, 4, 5,
M2Γa +
2
3MΓaM +
1
9ΓaM
2 + iµ−1
(
M˙Γa +
1
3ΓaM˙
)
Γ12345 = S(ab)Γ
b . (A.22)
Since M , Γa are Hermitian and S(ab)’s are real, from S(ab)Γ
b − (S(ab)Γb)† = 0 we get
ΓaM2 −M2Γa = i32µ−1
(
ΓaM˙ + M˙Γa
)
Γ12345 . (A.23)
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Contracting this with Γa from the left and from the right separately, we get
5M2 − ΓaM2Γa = −4iMabcM cΓab − 814MabeMcdeΓabcd = 0 ,
5M˙ + ΓaM˙Γa = 2M˙aΓ
a − iM˙abcΓabc = 0 .
(A.24)
Thus, M must be time independent M˙ = 0 and satisfy
MabeMcd
eǫabcdf = 0 , MabcM
c = 0 . (A.25)
To solve these two constraints we set
Mabc :=
1
2ǫabcdeM
de , (A.26)
and take the canonical form for Mab utilizing the SO(5) rotation :
Mab = c1


0 cos θ 0 0 0
− cos θ 0 0 0 0
0 0 0 sin θ 0
0 0 − sin θ 0 0
0 0 0 0 0


ab
, (A.27)
where c1 and θ are some constants. The first constraint in (A.25) implies ǫabcdeM
bcMde = 0 so
that
c1 cos θ sin θ = 0 . (A.28)
Hence, without loss of generality, we get θ = 0. The second constraint then shows M3 = M4 =
M5 = 0. Using the SO(2) rotation we further set Ma = c2δ
1
a, and hence all together
M = c2Γ
1 − ic1Γ345 . (A.29)
Substituting this into (A.22) we obtain the final constraint
c1c2 = 0 . (A.30)
This implies that there are two distinct mass deformations of the N = 8 super Yang-Mills quantum
mechanics: type I and type II. The case c1 6= 0, c2 = 0 corresponds to a deformation compatible
with the su(2) Majorana-Weyl spinors (type I), while the other deformation by c1 = 0, c2 6= 0
is not so (type II). The final results on the mass deformations of the N = 8 super Yang-Mills
quantum mechanics are spelled out in (4.12) for type I and (4.24) for type II.
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A.2 N = 4 super Yang-Mills quantum mechanics
After the dimensional reduction to the time, the four-dimensional super Yang-Mills gives a super-
symmetric matrix model LN=40 containing three Hermitian matrices Xa, a = 1, 2, 3,
LN=40 = tr
(
1
2DtX
aDtXa +
1
4 [X
a,Xb]2 − i12 ψ¯ΓtDtψ − 12 ψ¯Γa[Xa, ψ]
)
. (A.31)
Most general mass terms for fermions which are compatible with the Majorana condition are
µLN=4ψ = −iµtr
[
ψ¯
(
cΓ123 + ΓtH + r cos θ + r sin θΓt123
)
ψ
]
, (A.32)
where H = 12Γ
abHab and all the coefficients, c, r are real with 0 ≤ r, 0 ≤ θ < 2π. Under the chiral
transformation (
ψ , ψ¯
)
−→
(
eφΓ
t123
ψ , ψ¯eφΓ
t123
)
, 0 ≤ φ < 2π , (A.33)
LN=40 is invariant, while the above mass terms for the fermions transform as θ → θ + 2φ. Thus,
without loss of generality, we fix θ = 0 henceforth.
For the supersymmetric counter terms for the bosons which are linear in µ, Myers term is the
unique candidate up to field redefinitions, as discussed in Section A.1,
µLMyers = µtr
(
4i[X1,X2]X3
)
. (A.34)
Now letting the modified supersymmetry transformations be
δA0 = −iψ¯Γtε(t) , δXa = −iψ¯Γaε(t) ,
δψ =
(
− ΓtaDtXa + i12 [Xa,Xb]Γab + µ∆
)
ε(t) ,
∂tε(t) = µΠε(t) ,
(A.35)
we consider the terms linear and quadratic in µ appearing in δ
(
LN=40 + µLN=4ψ + eµLMyers
)
, where
a real coefficient e is introduced in order to allow the case of the Myers term being absent. Without
loss of generality we can take e = 0 or e = 1. The linear terms containing Dt read
− iµtr
[
ψ¯
(
DtXΠ+ Γ
tDt∆− 2(cΓ123 + ΓtH + r)ΓtDtX
)
ε
]
. (A.36)
Requiring this to vanish, we get
∆ = 2
(
r + ΓtH − cΓ123)X + ΓtXΠ . (A.37)
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Consequently, with F = 12Γ
abFab and using
ΓaDaX = 2F , Γ
aHDaX = FabH
ab 1 , (A.38)
the remaining linear terms become
− iµtr
[
ψ¯F
(
− 3ΓtΠ+ 2r + 2ΓtH + 2(2e − 3c)Γ123
)
ε
]
. (A.39)
Hence, to make this vanish for arbitrary ψ and ε, we should set
Π = 13
(−2rΓt + (6c− 4e)Γt123 + 2H) . (A.40)
Substituting this into (A.37), we also obtain
∆ = 43
(
r − eΓ123)X + 2ΓtHX + 23ΓtXH . (A.41)
The quadratic terms are now
− iµ2tr
[
ψ¯
(
Γt∆Π+ 2(r + cΓ123 + ΓtH)∆
)
ε
]
, (A.42)
where explicitly,
Γt∆Π+ 2(r + cΓ123 + ΓtH)∆
= 169 Γ
t (XH + 3HX)
(
r − eΓ123)− 83HXH − 4H2X − 49XH2
+ 169 X
[
e2 + r2 + 3r(c− e)Γ123
]
.
(A.43)
For the supersymmetry invariance, this quadratic terms must be cancelled by the variation of
LN=42 which is purely bosonic. This implies that in the expansion of (A.43) by the gamma matrix
products {1,Γµ,Γµν ,Γλµν ,Γt123}, only the linear order gamma matrices, Γa, a = 1, 2, 3 must
appear. In particular, Γt is not also allowed, as the explicit appearance of the gauge field A0,
would break the gauge symmetry. From
XH + 3HX = 2ǫabcX
aHbcΓ123 + 2HabX
bΓa , (A.44)
the term linear in Γt is 329 eΓ
tǫabcX
aHbc. Since this should vanish for arbitrary Xa, we must require
H = 0 : type I , or e = 0 : type II . (A.45)
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If H = 0 (type I), Eq.(A.43) gets simplified and we note c = e or r = 0. However, when
r = 0, a field redefinition of the fermions which is given by a time dependent chiral rotation
ψ → exp(−2µδcΓt123t)ψ, shifts the constant c only as c → c + δc. Thus, the r = 0 case can be
treated as a special case of c = e.
On the other hand, if e = 0 and H 6= 0 (type II), we observe r should vanish, and hence, as
explained above, we can safely set c = 0. A canonical choice H = 12Γ12 gives
δ
[LN=40 + µLN=4ψ − 29µ2 (X21 +X22 + 4X23)] = total derivative . (A.46)
This completes our analysis. The final results on two different mass deformations of N = 4 super
Yang-Mills quantum mechanics are spelled out in (5.7) for type I and (5.19) for type II.
A.3 N = 2 super Yang-Mills quantum mechanics
The three-dimensional Minkowskian spacetime of the metric η = diag(−++), admits a Majorana
spinor, and all the formulae in Section 5.1 for the four-dimensional super Yang-Mills can be freely
adopted, with the understanding that the gamma matrices are now 2 × 2, and Γt12 = 1. There
are two real supersymmetries.
After the dimensional reduction to the time, the super Yang-Mills in three-dimensions gives
a supersymmetric matrix model LN=20 which is essentially of the same form as (5.6) but contains
two Hermitian matrices Xa, a = 1, 2.
The most general mass term for fermions which is compatible with the Majorana condition
reads
µLN=2ψ = −i12µ tr
(
ψ¯ψ
)
. (A.47)
On the other hand, there is no supersymmetric counter term for the bosons which is linear in µ,
up to the field redefinition (A.7). Clearly the Myers term does not exist with two spatial directions.
Now we take the modified supersymmetry transformations to be as before (A.35), and consider
the terms linear and quadratic in µ appearing in δ
(
LN=40 + µLN=2ψ
)
. The linear terms containing
Dt read
− iµtr
[
ψ¯
(
DtXΠ+ Γ
tDt∆− ΓtDtX
)
ε
]
. (A.48)
Requiring this to vanish, we get
∆ = X + ΓtXΠ . (A.49)
Consequently, with F = 12Γ
abFab and using Γ
aDaX = 2F the remaining linear terms become
− iµtr[ψ¯F (1− 3ΓtΠ) ε] . (A.50)
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Hence
Π = −13Γt . (A.51)
Substituting this into (A.37), we also obtain
∆ = 23X . (A.52)
This completes our analysis. The final result on the mass deformation of the N = 2 super
Yang-Mills quantum mechanics is spelled out in (6.3).
A.4 N = 1 + 1 super Yang-Mills quantum mechanics
The dimensional reduction of the minimal super Yang-Mills in two-dimensions leads to the fol-
lowing supersymmetric matrix model
L0 = tr
[
1
2DtXDtX + i
1
2ψDtψ +Xψψ
]
. (A.53)
The supersymmetry transformation δYM descending from the two-dimensional super Yang-Mills
is, with a constant supersymmetry parameter ε,
δYMA0 = δYMX = iψε , δYMψ = DtXε . (A.54)
Now, following [3], we look for the generalization of the above Lagrangian as well as the super-
symmetry transformations. First of all, we note from
tr
[
i12ψDtψ +Xψψ
]
= tr
[
i12ψ∂tψ + (X −A0)ψψ
]
, (A.55)
that, in order to cancel the possible cubic term of ψ which may arise from the transformation of
(X − A0), it is inevitable to impose δA0 = δX. Hence, introducing a time dependent function
f(t), we set the generalized supersymmetry transformation to be
δA0 = δX = if(t)ψε , δψ =
(
f(t)DtX +∆
)
ε , (A.56)
where ∆ is a bosonic quantity having mass dimension 2, whose explicit form is to be determined
shortly. After some straightforward manipulation, we obtain
δL0 = tr
[
iψε
(
Dt
(
f˙X +∆
)
− f¨X + i[X,∆]
)]
+ ∂tK , (A.57)
where the total derivative term is given by
K = tr(DtXδX − i12ψδψ) . (A.58)
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Of course, the simplest case where f(t) = 1 and ∆ = 0 reduces to the supersymmetry of the
original two-dimensional super Yang-Mills, (A.54). For the generic cases, we are obliged to set
∆ = −f˙X − κ1 , (A.59)
and obtain the following supersymmetry invariance
δ
[
L0 + tr
(
1
2(f¨/f)X
2 + (κ˙/f)X
)]
= ∂tK . (A.60)
This essentially leads to the final result (7.1) with the supersymmetry enhancement: N = 1 →
N = 1 + 1. This kind of supersymmetry enhancement after the dimensional reduction can be
noted elsewhere e.g. [54, 55]. A physical reason for the enhancement is that the D-brane which
the higher dimensional field theory describes preserves only a fraction of the supersymmetries of
the correspondingM-theory.
A.5 N = 16 super Yang-Mills quantum mechanics
Here we show that for N = 16 super Yang-Mills quantum mechanics, the BMN matrix model
(3.2) is the unique mass deformation. For simplicity we employ the real and symmetric nine-
dimensional gamma matrices, Γa = Γa∗ = ΓaT , a = 1, 2, 3, · · · , 9 such that Γ123456789 = 1 and the
sixteen component Majorana spinor is real. The undeformed super Yang-Mills quantum mechanics
follows from the dimensional reduction of the ten-dimensional super Yang-Mills,
LN=160 = tr
(
1
2DtX
aDtXa +
1
4 [X
a,Xb]2 + i12Ψ
TDtΨ− 12ΨTΓa[Xa,Ψ]
)
. (A.61)
In a similar fashion to the previous analysis, henceforth we look for the mass deformation of the
above matrix model:
LN=16Massive = LN=160 + µLN=161 + µ2LN=162 . (A.62)
In particular, LN=161 has mass dimension three, and hence it should take the form
LN=161 = tr
(
1
2 iΨ
TMΨ+ 13!SabcX
aXbXc + JabX
aDtX
b
)
, (A.63)
where M is a real and anti-symmetric matrix, so that it can be expressed as
M = 12MabΓ
ab + 13!MabcΓ
abc . (A.64)
As discussed before through (A.6), (A.7), (A.8), without loss of generality we may set Jab = 0,
and consider the following supersymmetric transformation
δA0 = iΨ
T ε(t) , δXa = iΨTΓaε(t) , δΨ = (DtX + F + µ∆) ε(t) , (A.65)
where we set X := XaΓa, F := −i12
[
Xa,Xb
]
Γab. We further write ∂tε(t) = µΠε(t).
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The transformation induces
δLN=160 = iµtr
[
ΨT
(
Dt∆+DtXΠ+ FΠ+ iΓ
a [Xa,∆] + µ∆Π
)]
ε(t) + total derivative ,
δLN=161 = itr
[
ΨT
(
M (DtX + F + µ∆) +
1
2SabcX
aXbΓc
)]
ε(t) .
(A.66)
Requiring δLN=16Massive to vanish, in analogy to (A.16), (A.18), (A.19), we obtain sequently
∆ = −XΠ−MX ,
Π = 13M ,
Sabc = −8iMabc .
(A.67)
Hence, we have
δ (LN=160 + µLN=161 ) = iµtr
[
ΨTFabMcdΓ
abcd
]
ε(t) +O (µ2)+ total derivative . (A.68)
Thus for the supersymmetry invariance it is required to set Mab = 0, which is essentially due to
our gauge choice Jab = 0. The remaining terms are second order in µ as
δ (LN=160 + µLN=161 ) = −iµ2tr
[
ΨTXaMaε(t)
]
+ total derivative , (A.69)
where we set
Ma := µ−1
(
M˙Γa + 13Γ
aM˙
)
+M2Γa + 23MΓ
aM + 19Γ
aM2
= − 227MbcdM bcdΓa − 23MabcMbcdΓd + 23µ−1M˙abcΓbc − 89MabcMdecΓbde
− 19µ−1M˙bcdΓabcd + 19MbcdMef dΓabcef + 19MabcMdefΓbcdef .
(A.70)
This must be linear in gamma matrices, and hence from the second order term we see M must be
time independent M˙abc = 0. Other higher order terms give the following two constraints
Mab[cMde]b = 0 , M
a
[bcMdef ] = 0 . (A.71)
Now we look for the most general solution of these constraints, up to the SO(9) rotation. Without
loss of generality we set M9abM9
ab 6= 0. Using the SO(9) rotation, we further let among the
components M9ij , 1 ≤ i, j ≤ 8, only M129, M349, M569, M789 may be non-vanishing, while M789
is strictly nonzero. Now, considering the case a = d = 9, b = 7, c = 8 for the latter constraint in
(A.71), we see that all the components M9ij are vanishing except M789. Moreover, the case a = 9
for the constraint shows that in fact all the components Mabc are vanishing except M789. In this
case, the first constraint in (A.71) is automatically satisfied and the resulting mass deformation
of the N = 16 super Yang-Mills quantum mechanics is uniquely given by the BMN matrix model
(3.2). This completes our proof.
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